Abstract In this note we prove injectivity and relative asphericity for "layered" systems of equations over torsion-free groups, when the exponent matrix is invertible over Z. We also give an elementary geometric proof of a result due to Bogley-Pride and Serre that is used in the proof of the main theorem.
A long-standing and important problem in group theory is the adjunction problem of deciding when a given group injects into the group obtained by adjoining new generators and relators, Neumann [7] . This note solves the adjunction problem over torsion-free groups in the special case in which new generators and relators are added in pairs and such that the exponent matrix is invertible. We prove that in this case the group does inject. The case of one such pair was proved by Klyachko [6] . The extension uses our previous paper [3] and a result of Bogley and Pride [1] , which in turn follows from an old theorem of Serre, whose proof depends on Tate cohomology; see Huebschmann [5] . We give a new and elementary proof of the Bogley-Pride-Serre result.
Let (L, K) be a relative 2-complex (a CW-pair such that L − K is at most 2-dimensional). We say that (L, K) is relatively aspherical if the map
is surjective. As shown in [3, 3.1-3.3] , this occurs if and only if conclusions (a) and (b) of Theorem 1 below hold. This is the natural topological notion of asphericity but it should be noted that it differs from the combinatorial notion introduced in [1] . The difference concerns the definition of irreducibility of diagrams representing elements of π 2 (L, K); see the introduction to [3] .
The fundamental group of L is obtained from G = π 1 (K) by adding generators {t i } and relators {r j } corresponding to the 1-cells and 2-cells respectively of L − K . The relators r j ∈ G * t 1 , . . . , t n can then be viewed as a system of equations in the variables {t i } with coefficients in G. It is well known (see Howie [4] for example) that the map π 1 (K) → π 1 (L) is injective if and only if the system has a solution in an overgroup of G.
The exponent matrix of the system (or of the pair (L, K)) has entries m ij equal to the exponent sum of t i in the relator r j . In topological terms it is the 2-dimensional boundary map in the relative cellular chain complex of (L, K).
A long-standing conjecture [4] states that for any relative 2-complex (L, K), if the exponent matrix is nonsingular, then
If we assume further that π 1 (K) is torsion-free and the exponent matrix is invertible over Z then we conjecture that (L, K) is also relatively aspherical. (As shown in [3] this conclusion can fail if either of the additional hypotheses is omitted.) Our main result proves this in a special case:
Theorem 1 Let (L, K) be a layered relative 2-complex with π 1 (K) torsion free. If the exponent matrix is invertible over Z then
is injective, and
Here, (L, K) is layered if L − K has equal numbers of 1-and 2-cells and L is formed from K by alternately adding 1-cells and 2-cells. In terms of the associated relative presentation it means that the generators and relators can be added alternately.
A special case of Theorem 1 was proved in [3] : the theorem was proved when L − K consists of one 1-cell and one 2-cell. In this note we observe that the special case can be applied inductively, with the aid of the Bogley-Pride-Serre result, stated and proved as Theorem 2 below. It is worth stressing that part (b) of Theorem 1, for the case of one new generator and one new relator, is a non-trivial extension of Klyachko's theorem and it is the key to allowing the inductive argument of this note to proceed.
Proof of Theorem 1
The layered hypothesis implies that there is a nested sequence of subcomplexes
has one 1-cell and one 2-cell for each i. Note that the exponent matrix for (L, K) is triangular with diagonal entries equal to ±1, and these diagonal entries represent the 1 × 1 exponent matrices for the pairs (K i+1 , K i ). In particular each pair (K i+1 , K i ) is amenable in the sense of Fenn and Rourke [2] . Then by the main theorem of [3] , the pair (K i+1 , K i ) is relatively aspherical provided π 1 (K i ) is torsion-free.
We are given that π 1 (K 0 ) is torsion-free, and so (K 1 , K 0 ) is relatively aspherical. By Theorem 2 below π 1 (K 1 ) is then torsion-free. Proceeding inductively, using [3] and Theorem 2, we find that every pair (K i+1 , K i ) is relatively aspherical.
It remains to verify that relative asphericity is transitive. Given
Remark The proof shows that the exponent matrix hypothesis can be relaxed to allow layered relative 2-complexes for which each pair (K i+1 , K i ) is amenable, ie, that the relator given by the new 2-cell has an "amenable tshape" in terms of the new generator; see [2] or [3] . The result also solves the adjunction problem for systems of generators and relators which can be transformed, by a change of variables, into a layered amenable system.
The next theorem is analogous to (and follows from) Theorem 1.4 of [1] , though our version also follows directly from the theorem of Serre given in [5] and used by [1] . Serre's argument is algebraic. We shall give a direct geometric proof.
Theorem 2 If (L, K) is relatively aspherical then every finite subgroup of π 1 (L) is contained in a unique conjugate of π 1 (K).
Proof By adding cells of dimension 3 we can arrange that all the homotopy groups of K vanish in dimensions 2 and above. This does not change the fact that (L, K) is relatively aspherical. The easiest way to see this is to use the diagram interpretation given in [3] : relative asphericity means that there are no irreducible diagrams over π 1 (K) using the cells of L − K . This only depends on π 1 (K) and the form of the added relators and hence is unchanged by a change in the higher homotopy groups of K . After adding the new cells π 2 (L) is trivial.
Let L be the universal cover of L and K the preimage of K in L. Let L be the 2-complex obtained from L by collapsing each connected component of K to a vertex. Since each of these components is contractible, the map L → L is a homotopy equivalence, and so π 1 ( L) and π 2 ( L) are trivial. Then since L is a 2-complex, it is contractible.
Note that the induced action of π 1 (L) on L is free away from the 0-skeleton, and the vertices have stabilisers equal to the conjugates of
Hence it suffices to show that every finite subgroup of π 1 (L) fixes a unique vertex of L.
This follows from the next two lemmas.
Lemma 1 Suppose a group acts on a contractible 2-complex Q freely away from the 0-skeleton. Then every non-trivial element g of finite order fixes a unique vertex of Q.
Proof :
Step 1 The element g has at most one fixed point.
Suppose g fixes two points (which must be vertices). We shall find a contradiction. Passing to a power of g if necessary, we can assume that g has prime order p. Let α be a shortest path in the 1-skeleton of Q whose endpoints x and y are distinct fixed points of g . We shall think of α as a 1-chain in the mod 2 cellular homology of Q. Then α + gα is a (mod 2) 1-cycle, which must bound a 2-chain C , as Q is contractible. Note that α + gα is non-zero, because g fixes no edge of α and α is shortest. Therefore C = 0. Now define
If p is odd then let e be a 2-cell with coefficient 1 in C . If e ∈ g k C for some k = 0, then e ∈ g k C for all k , since p is prime. Then e has coefficient 1 or p (mod 2) in D and so D is non-trivial, which is a contradiction (since Q is 2-dimensional and acyclic).
If p = 2 and D = 0 then C = gC . We consider the induced involution on the link of x in the support of C . This is a graph Γ with vertices v and gv corresponding to α and gα respectively, and they are exchanged by the involution. In addition v and gv have odd valence in Γ, and every other vertex has even valence (because the mod 2 boundary of C is α + gα). We claim that g fixes a point of Γ, which then implies that g acting on Q fixes pointwise a non-trivial arc, contradicting the fact that g acts freely away from the 0-skeleton.
In any finite graph, the number of odd valence vertices is even, since the total valence is twice the number of edges. This implies that there is a simple path β in Γ from v to gv , since otherwise the component containing v would contain exactly one odd valence vertex. If the midpoint of β is fixed by g then we have our contradiction. Otherwise the g -invariant subgraph β ∪ gβ contains an invariant simple circuit in the middle. Remove all the edges of this circuit from Γ. This does not change the parity at any vertex, so again there is a path β ′ from v to gv . Repeating this procedure as needed, one eventually finds a path with fixed midpoint.
Step 2 The element g has at least one fixed point.
Suppose g has order n and fixes no point of Q. If g k fixes a point x for some k > 1, then g k also fixes gx (which is not x), contradicting
Step 1 (applied to the element g k ). Hence g acts freely on Q. Then the quotient of Q by this action is a 2-dimensional K(Z/nZ, 1) space. But it is well known that K(Z/nZ, 1) has homology in arbitrarily high dimension and hence must be infinite dimensional.
Lemma 2 If a finite group G acts on a set X in such a way that each nontrivial element fixes a unique point, then G has a global fixed point.
Proof Let x g denote the unique fixed point of g . Note that h(x g ) = x hgh −1 and hence G acts on {x g | g ∈ G − {1}}. So without loss we may assume that X = {x g | g ∈ G − {1}}.
Proof We have gh = kg and so kg(x h ) = gh(x h ) = g(x h ). Thus k fixes g(x h ) = g(x k ), so by uniqueness g(x k ) = x k . Now x g must be x k , by uniqueness.
Now choose any x ∈ X and consider the stabiliser G x . By Claim 1 if G x meets gG x g −1 non-trivially then g ∈ G x and G x = gG x g −1 . Further if hG x h −1 meets gG x g −1 non-trivially then g −1 hG x h −1 g meets G x non-trivially and hence g −1 h ∈ G x and the two conjugates coincide. Thus the distinct conjugates of G x intersect trivially and they correspond bijectively with the cosets of G x in G. Let n be the number of such cosets, so that |G| = n |G x |.
Let O be the orbit containing x. Note that x k ∈ O if and only if h(x) = x k for some h, which occurs if and only if h −1 kh(x) = x. Therefore:
Claim 2 x k ∈ O if and only if a conjugate of k lies in G x . Now define S = {g ∈ G − {1} | x g ∈ O}. By Claim 2 the set S comprises all non-trivial elements of conjugates of G x . Therefore |S| = n(|G x | − 1), which implies that |S| > 1 2 (|G| − 1). Since O was an arbitrary orbit there is not room for another such set S and we must have S = G − {1}. Thus |G| − 1 = n(|G x | − 1) which implies n = 1 and G x = G. This completes the proof of Lemma 2, and of Theorem 2.
Remark If one is interested only in the case where π 1 (K) is torsion-free, then only Step 2 of Lemma 1 is needed. For if π 1 (L) has torsion, then there is an element g of prime order, and it fixes a vertex as in Step 2. But then π 1 (K) has torsion, a contradiction. Thus for the proof of Theorem 1 the foregoing proof can be shortened to a few lines.
